Strain fields, dislocations and defects may be used to control electronic properties of graphene.
I. INTRODUCTION
Strain fields, dislocations and defects may be used to control electronic properties of graphene [1] [2] [3] [4] . Defects play a key role in graphene physicochemical properties and could be critical to generate biologically compatible materials and sensors 5 . Experiments have
shown that vacancies and point defects produce paramagnetism 3 and appropriate strain fields induce strong pseudo-magnetic fields and Landau levels 2 . This may pave the way to extending graphene electronic applications into spin-based technology. Special line defects (grain boundaries) may be used to filter electrons from different graphene valleys (valleytronic devices) 4 . Dislocations play an important role in finding an accurate description of both elasticity and plasticity in graphene. Dislocations deform graphene by elongation and compression of C-C bonds, shear, and lattice rotations as shown 6 by advanced imaging techniques with high-resolution transmission electron microscopes (HRTEMs) 7, 8 . In graphene and other two-dimensional (2D) crystals, images of dislocation cores as defects in the crystal lattice and real-time pictures of defect evolution are now being obtained 9, 10 . Dislocation motion and defect groupings may be accompanied by markedly long-ranging out-of-plane buckling 11, 12 (theory in Refs. 13, 14) and facilitated by accommodating extra carbon atom pairs in out-of-plane blisters formed by several dislocation pairs 15 . Recent experiments show that direct implantation of carbon atoms in graphene creates interstitial aggregates and dislocation dipoles that disappear at larger HRTEM electron doses. 16 Dislocation pairs with dislocations having Burgers vectors pointing to each other 11 and dipoles whose dislocations have Burgers vectors pointing away from each other 17 display out-of-plane buckling. At the micrometer scale, there are effective computational theories of line dislocations that rely on a mixture of theory and empirical rules for dislocation interaction and motion 18 . Precise measurements and theoretical understanding at the nanometer scale could help bridging the gap between scales.
In this paper, we have measured the strain and rotation fields about dislocations in monolayer graphene with single-atom sensitivity. Our measures suggest that the observed strong discrepancies of the strain and rotation fields of graphene with conventional elasticity in the presence of defects are due to nonlinear lattice effects that are most noticeable in the immediate neighborhood of defects but decay in the far field thereof. While experimentally imaged areas often contain multiple defects and distortions, dislocations that are well sep-arated from other defects present in the lattice allow more definite tests of theories. Since the elastic fields of dislocations in graphene decay in about four lattice spacings to those given by continuum elasticity, 19 well separated dislocations present smaller regions in which continuum elasticity needs to be modified. We show that strain and rotation fields determined from experiments by using Geometric Phase Analysis (GPA) 7, 20, 21 may be compared to results of planar and nonplanar theoretical approaches with increasing agreement. The comparison permits to infer the in-plane and out-of-plane displacements of the carbon atoms near dislocations in the graphene sheet.
Firstly, we can place atoms on a planar hexagonal lattice using the well known 2D linear elasticity formula for the displacement vector about a dislocation 22 if the dislocation point is appropriately selected. When we treat these positions using GPA, we obtain strain and rotation fields that are qualitatively similar to those revealed by experiments for dislocations having one the six possible basic Burgers vectors along primitive directions. More refined 2D discrete elasticity, 23 periodized along the primitive directions of the hexagonal lattice, [24] [25] [26] produces more accurate strains and rotation that are compatible with observations. Furthermore, discrete periodized theories capture pinning and depinning of defects by the lattice. 27 , 28 We also show that higher order 2D elasticity theories give useful explicit formulas for strains and rotation that can be calibrated to produce good qualitative and quantitative (up to 10% errors) agreement with experiments. In general, 2D theories tend to produce symmetric strain fields about dislocations whereas strains obtained from experiments exhibit asymmetries. Nonplanar effects inducing asymmetries are captured by three-dimensional (3D) Föppl-von Kármán equations (FvKEs) discretized on the hexagonal lattice and periodized along primitive directions. 29, 30 For dipoles and dislocation pairs comprising well-separated dislocations, discrete periodized FvKEs (dpFvKEs) predict four stable configurations for which the graphene sheet is buckled. In two configurations, the sheet is asymmetrically buckled, with one dislocation on a hill and the other in a trough. In the other two configurations, both dislocations sit either on a hill or on a trough. Similar results have been reported for dislocation loops using energy methods, 11 and for dislocation dipoles using density functional theory (DFT), 17 but not dynamic simulations of the dpFvKEs as in the present paper. By comparing GPA of experiments and of predictions by the discrete periodized Föppl-von Kármán equations, we can select three dimensional configurations that provide better agreement. This strategy that infers out-of-plane displacements from the experimental image may be limited by the combined effect of neglecting defects present in the image and of errors introduced by the numerical procedure and the image processing software.
In short, GPA based on atom positions calculated by means of the 2D displacement vector of linear elasticity gives a fair prediction of the observed strain and rotation fields around isolated defects in graphene, whereas strains and rotation found by differentiating the formula for the displacement vector (i.e., the strains and rotation given by conventional elasticity) are way off. To get a better quantitative agreement with experiments, we need to regularize continuum 2D planar elasticity and 3D Föppl-von Kármán equations on the graphene lattice. An alternative to 2D discrete elasticity that gives analytical expressions for strains and rotation is hyperstress theory. These expressions are very useful for fitting experimental data and provide a template to ascertain the importance of nonplanar effects.
That a continuum theory (linear elasticity based on displacement vectors) gives a fair approximation to elastic fields at theÅngstrom scale of dislocation cores is quite unexpected.
The agreement with experiments improves when we consider nonlinear lattice and nonplanar effects by using 3D discrete periodized Föppl-von Kármán equations. The combination of planar and nonplanar theories and experiments allows to infer the more likely atomic configuration in dislocation cores.
The rest of the paper is as follows. Section II contains the results of experiments and numerical simulations of different theories used to interpret them. The detailed methodology used to obtain the theoretical predictions is explained in the other sections. Section III describes how the Geometrical Phase Analysis method produces strain and rotation fields from images of atoms (that may come from experimental images or from simulation results).
Section IV describes planar and nonplanar discrete elasticity arising from discretizing 2D linear elasticity and 3D Föppl-von Kármán equations on the hexagonal lattice and replacing finite differences along primitive directions by periodic functions thereof. Section V presents 2D Mindlin hyperstress elasticity 31 , and it explains how parameters of the theory are fitted with data from experiments. Section VI contains a guide to the results from different theories and it explains how to obtain the strains, rotation and errors in the different figures. The last section summarizes our conclusions. Appendix A contains the derivation of the displacement vector of a dislocation in the hyperstress framework. 
II. RESULTS AND INTERPRETATION
Recent work has shown that controlled focused electron beam irradiation can lead to the formation of dislocation dipoles in graphene due to sputtering of atoms along the zig-zag lattice direction. This method starts with a pristine region of graphene, followed by the introduction of the defects by electron beam irradiation, and then the atomic resolution study of the graphene lattice distortion by HRTEM. By maintaining the sample within the vacuum chamber of the HRTEM it reduces the probability of other atoms attaching to the defects and modifying the structure and strain in the system. Figure 1 We have analyzed the images of a number of dislocation configurations with Burgers vectors ±(1, 0), ±(1/2, − √ 3/2) and ±(1/2, √ 3/2) (all lengths are measured in units of the lattice spacing a). Some are shown in Figure 2 . GPA of experimental images (cf. Section III) produces the rotation and strains of the dislocations that are then compared to theoretical predictions (cf. Sections IV-VI). In all cases, 2D predictions obtained by GPA of lattices deformed according to off-centered elastic dislocation displacement fields or to discrete periodized planar elasticity solutions, and 2D predictions obtained by hyperstress fittings, provide a good agreement with experimental observations. In specific situations,
we have compared the experimental strain and rotation fields to the GPA of lattices representing pair or dipole solutions of 3D discrete periodized Föppl-Von Kármán equations, finding one configuration that seemed to furnish the best fit, up to errors due to numerical approximations, image processing or the presence of neglected defects. This strategy may be useful to distinguish out-of-plane effects, depending on the limiting circumstances. Figure 2 selects some significative tests that we now discuss in more detail. by true and spurious defects is reduced increasing the distance to the dislocation under study. characterizes the dilatation at the dislocation core, l 2 characterizes the rotation. In graphene they are 3.1 and 4.1 times the lattice spacings, respectively, which explains why the measured elastic fields at dislocation cores are so different from conventional elasticity predictions.
Comparison between experiments and theory
We have verified these values of the length scales using circumferences of different radii 34 and also other dislocations present in the experimental data; see Section V. We have also checked that the strains and rotation of dislocation solutions of 2D discrete periodized planar elasticity, 3D discrete periodized Föppl-Von Kármán equations and the hyperstress expressions qualitatively agree with each other for different Burgers vectors.
Strictly speaking, our hyperstress potential energy (cf. Section V) is the small wavenumber and frequency limit of more complex hyperstress theories 31 . The latter consider that the solid has a microstructure that undergoes rotations and deformations, affects and is affected by the macroscopic strain. The dispersion relation has optical and acoustic branches and, in the latter's zero-frequency limit, the microscopic displacement gradients are enslaved by the macroscopic displacement. Dislocation motion in graphene is so slow that the dislocation field is stationary, hence well described by the zero-frequency equations used here. Hyperelasticity with the same parameters as in Figure 3 .
elasticity (dpPE) or 3D discrete periodized Föppl-Von Kármán equations (dpFvKEs) with an initial dipole configuration produce configurations whose respective strains and rotation depicted in Figures 6(i) -(l) and 6(m)-(p) appreciably reduce the error. dpPE equations and dpFvKEs have to be solved numerically to obtain atom positions from which GPA extracts strain and rotation fields. As explained in Section VI, calculating the differences between images obtained from discrete theories, such as dpPE and dpFvKEs, and experimental images introduces additional numerical interpolation errors. The displacement vector, strains and rotation of a dislocation can be explicitly calculated in hyperstress elasticity, as shown in Section V. These explicit formulas give a fair approximation while avoiding to use numerical simulations, cf. Figures 6(q)-(t) . The main differences come from the fact that hyperstress elastic fields have symmetric maxima and minima whereas experimentally measured fields and results from an off-centered dislocation in a linear elasticity dislocation placed on the hexagonal lattice are asymmetric. Fields from 2D dpPE become more symmetric with time whereas they remain asymmetric when 3D dpFvKEs are numerically solved. from observed in-plane displacements. ble solutions of the discrete periodized Föppl-Von Kármán equations, it helps ascertaining possible 3D configurations of the atoms at dislocation cores. However, we should be careful when using GPA as its results are quite sensitive to disturbances. In addition to the uncertainty about the presence of far away defects, we should be aware of possible spurious effects in experimental and numerical data. In fact, selecting a finite portion of the lattice introduces spurious defects in the strain and rotation fields at the boundary of the image, as it is clearly appreciated in Figure 2 (d). This is made clear by processing lattices with a single numerically generated dislocation. Figure 11 (a) shows the coordinates of atoms in the field of a dislocation with Burgers vector (−1, √ 3/2) that have been numerically generated by using periodized 2D discrete periodized planar elasticity. This dislocation is simply a version of the left one in Figure 2 (a) but we have eliminated all far away defects that are present there. Thus there is only one dislocation in the lattice of Figure 11 (a) but spurious defects appear in the GPA-generated strain field of Figure 11 (b).
III. GPA TECHNIQUE TO GENERATE DISPLACEMENT, STRAIN AND RO-TATION FIELDS FROM A LATTICE IMAGE
Geometrical phase analysis (GPA) describes how the spatial frequency components (in- • Choose two bright spots in the power spectrum corresponding to two non-collinear reciprocal lattice vectors g 1 and g 2 . In practice, the lattice fringes giving the best signal-to-noise are chosen.
• Select a region of interest that includes the spots and their surroundings with the reciprocal vectors g 1 and g 2 . By convolving each region with a Gaussian mask, we isolate the phase of its image Fourier component. We want to calculate the displacement vectors in strained regions with respect to an unstrained reference area. Therefore
we also choose such a reference area and recalculate the image phases of the strained regions referred to those of the unstrained area. The relative image phases are
where u(x) = (u(x), v(x)) is the displacement vector at the position x = (x, y) and the Fourier component is 2A g j cos[2πg j · x + P g j ].
• The displacement field can be determined from the image phases as
where a 1 and a 2 are the the real-space basis vectors corresponding to the reciprocal lattice defined by g 1 and g 2 (i.e., a i · g j = δ ij ; defining matrices A and G as having column vectors a j and g j , respectively, we have G T = A −1 ).
• Strains e ij and rotations ω ij are determined by differentiating u(x) as in linear elasticity. The distortion tensor β ij can be directly obtained from numerically calculated derivatives of the image phases P g j by using 
The more developed calculations for large deformations are not often necessary (see Appendix E in Ref. 20) though they are implemented in the software.
21
The image phase has apparent discontinuities where it changes abruptly from −π to π. Thus the gradients in (4) are really calculated by creating the complex image, e iPg(x) , and then
. 20 In this way, strains and rotations are free from apparent phase discontinuities and are easier to interpret than the displacement vector (2) . Note that displacements, strains and rotations are obtained with respect to a reference configuration in the image itself whereas they are defined with reference to a strain-free configuration in elasticity. More information about GPA and existing software for HRTEM, users' manuals, scripting capabilities and references can be found at the web site.

IV. DISCRETE PERIODIZED PLANAR ELASTICITY AND 3D FÖPPL-VON KÁRMÁN EQUATIONS
The free energy of a membrane subject to out-of-plane bending is
Here (u 1 , u 2 ) = (u(x, y), v(x, y)), w(x, y), λ, µ and κ are the in-plane displacement vector, the membrane vertical deflection, the two 2D Lamé moduli and the bending stiffness, respectively. From (5), we obtain the dynamic Föppl-Von Kármán equations (FvKEs)
to which we have added friction terms to allow given initial configurations to relax to stable stationary ones. Here ρ 2 is the 2D mass density (mass per unit area). For w = 0, these equations become those of 2D planar elasticity.
Discrete periodized planar elasticity (dpPE), 24-26 is as follows. We discretize (7) and (8) with w = 0 on the honeycomb lattice, periodize finite differences along primitive directions and find the stationary configurations. To this end, we use a numerical relaxation method consisting of setting ρ 2 = 0 in the equations and solving the resulting system with initial and boundary conditions on a finite lattice given by the exact 2D dislocation field
for a single dislocation or by a superposition of such fields for dislocation groupings. Here x = (x, y) and r = x 2 + y 2 . We use this dislocation field centered at dislocation points that do not coincide with any lattice point. Our choice of boundary conditions is consistent with the result that the elastic fields of dislocations in graphene decay rapidly to those given by continuum elasticity. 19 To reduce the effects of boundary conditions, we usually work with lattices larger than 100 × 100 lattice spacings.
In discrete periodized Föppl-Von Kármán equations (dpFvKEs), 29, 30 we discretize the equations of motion (7)- (9) on the honeycomb lattice, periodize finite differences along the lattice primitive directions and find a stationary configuration as explained above. We add a nonzero initial condition for w(x, y) so as to obtain nonplanar configurations of dpFvKEs.
Stationary solutions provide atom positions of a stationary dislocation field. We process these atomic coordinates using GPA, thereby obtaining the strain and rotation fields depicted in Figure 3 . We can obtain the strains and rotation of dislocation pairs or groupings by superposing the displacement vectors (10) of different single dislocations centered at appropriate points.
24-26
Note that the FvKEs are nonlinear due to the quadratic terms 1 2 ∂ x i w∂ x k w in (6), whereas their absence in (7) and (8) when w = 0 renders these equations linear. As a consequence, superposing displacement vector fields of different dislocations produces the field of a dislocation grouping in 2D planar elasticity, but a superposition of dislocations can be quite different from a dislocation grouping in FvKEs. This is also the case with dpPE and dpFvKEs. Periodizing discrete elasticity introduces nonlinearities and nonconvexities that are localized in a small neighborhood of the dislocation point. However, superposing dislocations still produces dislocation groupings that are very similar to the initial superposition. This is definitely not true for the dpFvKEs: due to the quadratic terms in (6), dynamics converts the initial configuration in a nonplanar stable one whose w-displacement may be quite different. We have used different initial configurations with one or more dislocations (corresponding to dislocation loops, not to the dipoles of the present work).
In our simulations, we have used a bending stiffness κ = 1 eV and 300 K Lamé moduli 36 µ = 9.95 eV/Å 2 , λ + 2µ = 22.47 eV/Å 2 , that are compatible with experimentally measured values 37 . As the bending stiffness may get renormalized by quantum effects, 38 we have repeated our dynamic simulations using different values of κ and obtained similar configurations.
V. HYPERSTRESS THEORY AND ELASTIC FIELDS
2D discrete periodized planar elasticity and 3D discrete periodized Föppl-Von Kármán equations are useful to interpret the results of experiments but require numerical simulations to produce the elastic fields. Since having explicit formulas avoids numerical simulations, we are interested in correcting linear elasticity to include second-order effects that may be due to the lattice in a continuum theory. Mindlin proposed a more general strain energy in linear elasticity theory dependent on strains and strain gradients 31 . The rationale of this theory is to distinguish between a microscopic displacement of the atoms within each crystal cell and a macroscopic displacement. In the limit of long wavelength and small frequency and for an isotropic crystal, the 2D strain energy density of this theory is (see Eq. (12.4) of
Here β ij = ∂ j u i = u i,j , where u 1 = u, u 2 = v are the components of the displacement vector u. Sum over repeated indices is implied. β (ik) ≡ (β ik + β ki )/2 is the elastic strain, β [21] ≡ (β 21 − β 12 )/2 is the rotation, κ i = β [21] ,i is the curvature vector (gradient of the scalar rotation β [21] ), ij is the completely antisymmetric unit tensor with 12 = 1, and κ ijk = β (ij,k)
is the completely symmetrized tensor of the second order derivatives of u. Stability requires f > 0 and that the combinations
with dimensions of length square be also positive 31 . Setting the variation of W with respect to the displacement vector equal to zero produces the balance of momentum equation
We now rewrite this equation using the identity
where α i is the dislocation density vector
This equation follows from the definition of the Burgers vector 18,39 ,
that implies that the displacement vector u is multivalued. Here the line integral is calculated on a contour encircling the dislocation point and we have used the Stokes theorem. The displacement vector of a single dislocation has a jump discontinuity as it receives a finite increment whenever we go around any closed contour encircling the dislocation point.
Using (14), we transform (13) in
The modified Bessel functions in these formulas decay exponentially fast at distances from the dislocation point that are much larger than l 1 and l 2 . Then strains and rotation become those of conventional elasticity.
VI. GUIDE FOR USING THE DIFFERENT THEORIES
Figures 3, 7 and 9 depict strain and rotation fields calculated by the theories described in Sections IV and V:
• The strains and rotation for linear elasticity are obtained by differentiating the displacement vector (10) . Equivalently, removing all terms involving modified Bessel functions K 1 , K 2 , and the parameters l 1 , l 2 from Equations (20)- (23) and setting β 11 = e xx , β 22 = e yy , β (12) = e xy and β [12] = ω xy . The level curves of strains and rotation are very different from experimental ones in Figures 3, 7 and 9.
• The strains and rotation for hyperstress theory are given by Equations (20)- (23) of Section V and setting β 11 = e xx , β 22 = e yy , β (12) = e xy and β [12] = ω xy . Note that the level curves of strains and rotation are round and positive ones are symmetric to negative ones in Figures 3, 7 and 9.
• Off-centered linear elasticity strains and rotation are obtained by first replacing points (x i , y i ), i = 1, . . . , N of the hexagonal lattice 24 by ( • Strains and rotation for discrete periodized planar elasticity are obtained applying GPA to images of the deformed lattice (
is the stationary solution of (7) and (8) with w = 0 after they are discretized on the hexagonal lattice and finite differences are periodized as indicated in Reference 24. The stationary solutions are found by the numerical relaxation method of Section IV with initial condition given by the above mentioned off-centered
. For large lattices, the resulting dislocation core does not depend on the choice of (x 0 , y 0 ).
• Strains and rotation for discrete periodized Föppl-von Kármán equations are obtained applying GPA to images of 2D projections (
is the stationary solution of (7) -(9) after they are discretized on the hexagonal lattice and finite differences are periodized as indicated in Reference 29. The stationary solutions are found by the numerical relaxation method of Section IV with initial condition given by an off-centered configuration (
Here W = 0 at the dislocation core so as to obtain a nonplanar configuration.
To plot the differences between GPA of experimental images and the results obtained from theories (called errors in Figure 6 ), we need to understand the different data we are comparing. GPA of an image produces strains and rotation on a Cartesian grid and the maximum of e xx gives the approximate location of the dislocation point. Linear elasticity and hyperstress theory yield analytical formulas that can be evaluated at any point of the same grid (with the same dislocation point). GPA of off-centered elasticity, discrete periodized elasticity and discrete periodized Föppl-von Kármán equations produce strains and rotation on a cartesian grid that, typically, has a different step size from that of the experimental image. The location of the dislocation point is given again by the maximum of e xx . To plot the differences in Figure 6 , we need to interpolate data from one cartesian grid in the other one and subtract. Interpolation introduces numerical errors in the core region that are absent when comparing with analytic formulas (linear elasticity and hyperstress).
Discrete theories (off-centered elasticity, discrete periodized planar elasticity and discrete To distinguish in-plane displacements from out-of-plane ones, we have to combine theoretical results and experiments. Our strategy consists of (i) generating numerically a collection of three dimensional defects with different possible out-of-plane and in-plane configurations that solve discrete periodized Föppl-von Kármán plate equations, (ii) generating their strain and rotation fields with GPA, and (iii) comparing those fields to the GPA fields of the experimental images. Among different defect configurations provided by theory, we select those providing the best agreement with experiments.
VII. CONCLUSIONS
In summary, we have measured strain and rotation fields near isolated dislocations and dislocation pairs by using GPA of atomic resolution images obtained by an aberration-corrected TEM operating at 80 kV. We have compared them to numerical solutions of stationary discrete periodized planar elasticity (dpPE) and discrete periodized Föppl-Von Kármán equations (dpFvKEs) treated by GPA, to planar isotropic hyperstress and to conventional elasticity. We have found that GPA of planar results are close to GPA of 3D ones. While standard linear elasticity gives strain and rotation fields that are qualitatively different from experiments, discrete periodized planar elasticity agrees qualitatively with them. Quantitative discrepancies and asymmetries may indicate 3D effects and the presence of corrugations, in which case discrete periodized Föppl-Von Kármán equations may improve quantitative agreement with experiments up to effects due to far away defects or to limitations of microscopy or GPA as illustrated in Figure 11 . dpPE and dpFvKEs have to be numerically solved to obtain atom positions and, from GPA, strains and rotations.
Analytical formulas are much easier to use to fit experimental data. Hyperstress theory is a simple continuum theory that retains second-order lattice effects and therefore may be brought to be close to dpPE by fitting parameters. We have solved it analytically for the elastic fields about a stationary dislocation and fitted its new material moduli by using the experimentally observed strain and rotation. The microscopic dilatation and rotation lengths of hyperstress theory are about 3 and 4 times the graphene lattice spacing. At much larger distances from dislocation points, hyperstress fields become elastic ones.
Discrete periodized planar elasticity and the discrete Föppl-von Kármán equations are based on displacement vectors. We have the paradox that, on the one hand, conventional 2D linear elasticity gives strain and rotation fields that differ qualitative and quantitatively from those measured at dislocation cores in graphene. However 2D linear elasticity gives surprisingly good qualitative descriptions of the measured strains and rotations in our experiments, provided these fields are calculated by GPA of atomic positions based on the displacement vector of dislocations on a lattice, and not by the usual formulas of continuum mechanics.
Information about out-of-plane displacements may be obtained from in-plane observations by solving the 3D dpFvKEs and comparing the GPA of numerically calculated configurations and of experiments. In fact, this comparison allows to distinguish between symmetric and antisymmetric configurations of dislocation dipoles and pairs that are possible solutions under zero applied tension. Furthermore, each (symmetric or antisymmetric) configuration of a dislocation dipole or pair admits a mirror configuration with respect to the horizontal plane.
In the presence of tension (due to imperfections or far off defects), they can be distinguished and comparison with experimental GPA may be used to decide which theoretical configuration produces the best fit. Our results are clearly applicable to other two-dimensional materials of great current interest 5, 35 .
